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Let f (m, n) be the least integer N such that for every graph G with N vertices, 
either G contains a path of m vertices or the complement of G contains a vertex 
of degree at least n. This paper determines f(m, n) for all m, n. 
1. INTRODUCTION 
Let A and B be graphs. Define r(A, B) to be the least integer N such that 
for every graph G with N vertices, either G contains A as a subgraph or its 
complement (3 contains B. The existence of r(A, B) follows from a well- 
known theorem of Ramsey [9], which led to the study of the “Ramsey 
numbers” r(& , K,J for complete graphs K* [S]. Recently, researchers 
[l-4] have begun to investigate the “generalized Ramsey numbers” r(A, B) 
for various graphs A, B. For more complete references to this work, see 
the survey of Harary [6] or the author’s note [8]. 
Let P,,, denote a path with m vertices and KISn a star of degree n. In this 
paper the function f (m, n) = r(Pm , &,) is determined for all m, n by 
explicit formulas and a recurrence. 
2. THE PATH-STAR RAMSEY NWBERS f (m, n) 
Let G, H be graphs. We use the following notations: V(G) is the set of 
vertices of G, deg(u, G) is the degree of the vertex u in G, 6(G) is the 
minimum degree and d(G) is the maximum degree of vertices in G. We 
write G 3 H (G $ H) if H is (is not) a subgraph of G. Ifp, q are nonnegative 
integers, then pG u qH is the graph composed of p (disjoint) copies of G 
and q copies of H. A cycle with k vertices is denoted by C, . Our definitions 
follow closely those of Harary’s text [7]. 
LEMMA 1. If 8(G) 3 k and tr E V(G), then there is a Pk+l in G which 
starts at v. 
51 
Copyright 6 1974 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
52 T. D. PARSONS 
Proof. This is easy to prove by induction on k. 
LEMMA 2. f (m, n) < m + II - 1. 
Proof. If G has m + n - 1 vertices and d(G) < n - 1, then 
6(G) =m+n-2--A(G) am++----(n-l) =m-l,soGIP,, 
by Lemma 1. 
THEOREM 1. f(m,n)=m+n-l$ifn=l(modm-1). 
Proof. Write n = p(m - 1) + 1. The graph G = (p + 1) &I has 
m + II - 2 vertices, contains no P, , and d(G) = p(m - 1) = n - 1. 
Thus f(m, n) > m + n - 2, and the theorem follows from Lemma 2. 
LEMMA 3. Let k > 3. Suppose G contains a Pk v1 ,..., vK containing all 
vertices of G. If deg(v,) and deg(vk) are both strictly greater than (k - 1)/2, 
then GT) C,. 
Proof. Suppose G 2 C, . Then v1 is not adjacent to vk . Let vi, ,..., vir 
be the vertices adjacent to vk in G, where 2 < il < i, < *** < i, = k - 1. 
Then for 1 < j < r, v1 is not adjacent to vij+l (else G would contain 
the Ck: vi, , z+ ,..., v1 , Q,+~ , vi,+2 ,..., z)k , vi,). Let vjl ,..., vi, be the 
vertices adjacent to v1 . Then vl, vj, ,..., vjs , Q+~ ,..., vi,+1 = vk are all 
distinct, so k >, r + s + 1 > 2((k - 1)/2) + 1 = k, a contradiction. 
Thus GT) C,. 
THEOREMS. f(m,n)=2n-lzifn<m<2n-1. 
Proof. This is trivial for IZ = 1, so we assume n > 2. Let G have 
2n - 1 vertices, and suppose that G $ P,,-, and d(G) < n - 1. Then 
S(G) = 2n - 2 - d(G) > 2n - 2 - (n - 1) = n - 1. 
Let v1 ,..., uk be a longest path in G. By Lemma 1, k 3 n and by 
hypothesis k < 2n - 1. Let uk+l ,..., ~~~~~ be the remaining vertices; since 
k > n, there are at most IZ - 1 of these. Thus S(G) > n - 1 implies that 
vkfl is adjacent to some vi for i f k. 
Let H be the induced subgraph of G spanned by v1 ,.. ., vk . Since neither 
v1 nor vlc is adjacent to any vj for j > k, both deg(q , H) and deg(vk , H) 
are greater than or equal to 6(G) 3 n - 1 > (k - 1)/2. By Lemma 3, 
H 1 C, . But v~+~ is adjacent to some vertex vi (1 < i f k) of the cycle C, 
so G3Pk,,, a contradiction. It follows that f(m, n) < 2n - 1 if 
n 9 m < 2n - 1. Then 
2n - 1 =f(n, n) <f(m, n) <f(2n - 1, n) < 2n - 1 
for n < m < 2n - 1, where the first inequality comes from Theorem 1. 
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THEOREM 3. Let n > 2. If m > 2n - 1, then f (m, n) = m. 
ProoJ: The graph K+, shows that f (m, n) > m - 1. We must show 
that for m 3 2n - 1, f (m, n) < m. For m = 2n - 1, this follows from 
Theorem 2. Suppose that G has m > 2n - 1 vertices, that G 8 P, , and 
d(G) < n - 1. Then m - 1 > 2n - 1, so by hypothesis of induction on 
m,f(m-l,n) ==m-1 <m,soGT>P,_,. 
Let U, ,..., vmV1 be a PmFl in G and v, the remaining vertex of G. Then v, 
is not adjacent to v, or v,-~. However, S(G) = m - 1 - O(G) 3 
m -. 1 - (n - 1) = m - n, so v, is adjacent to at least m - n of the 
m - 3 points v, ,..., v,-, . Since m > 2n - 1 easily implies m - n > 
(m - 2)/2 = ((m - 3) + 1)/2, a well-known argument shows that vm is 
adjacent to two consecutive vertices vi , vi+1 for some i (2 < i < m - 3). 
Then G contains the P,,, v1 ,..., vi , v, , vi+1 ,..., v,,-~ , a contradiction. The 
theorem follows. 
LEMMAS. f(m,n)<m+n-22nfl(modm-1). 
ProojI By induction on n. The statement is vacuously true for n = 1. 
Suppose n > 1, n f 1 (mod m - 1), and G has m + n - 2 vertices. 
SupposeG$P,andd(@ <n - l.ThenS(G) =m +n -3 --O(C) > 
m + n - 3 - (n - 1) = m - 2, so G 1 Pm-I by Lemma 1. Let 
v1 ,..., v,,-r be a Pm-I in G, and let H be the induced subgraph of G spanned 
by the remaining vertices v, ,..., urn++2 . Since G $ P, , v,-, is not 
adjacent to any v5 forj > m. Thus S(G) > m - 2 implies v,-~ is adjacent 
to every Vi for 1 6 i < m - 2, so v1 , v2 ,..., v,,+, , v1 is a C,-, in G. Then 
no v, (j 3 m) is adjacent to any vi (i < m - l), so S(G) 2 m - 2 implies 
that v1 ,..., v,-, span a component K,,-, of G = L-1 u H. If n < m - 1, 
then deg(v, , G) 3 m - 1 > n. Thus n > m - 1. By hypothesis of 
induction, since n - m + I f 1 (mod m - l), f (m, n - m + 1) < 
m+(n-m+l)-2=n-l.ButHhasn-lverticesandH$P,so 
d(@>n-m+l.Thend(~)>A(~)+m-1 >n-m+l +m-1 =n, 
a contradiction. The lemma follows. 
THEOREM 4. f (m, n) = m + n - 2 ifn = 0,2 (mod m - 1). 
Proof If n = 0, write n = (p + l)(m - I), p 3 0. Then m + n - 3 = 
2(m - 2) + p(m - 1). Let G = 2K,,-, U pK,-, . This G has m + n - 3 
vertices, contains no P, , andd(G)=m+n-4-(m-3)=n-I. 
Ifn=2,thenm+n-3 =p(m-1)forsomep >o.LetG=~&-~. 
The G has m + n - 3 points, contains no P, , and d(c) = n - 2. 
In either case, m + n - 3 < f (m, n) < m + n - 2, where the last 
inequality is from Lemma 4. 
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LEMMA 5. Let a, M be positive integers. If M 3 a2 - a, then there 
exist nonnegative integersp, q such that M = pa + q(a + 1). 
Proof. If 0 < t < a, then a2 - t = (t - I)a + (a - t)(a + 1). If k > 0, 
write k = ra + s, 0 < s < a; then a2 + k = (r + a - s)a + s(a + 1). 
THEOREM 5. Ifn + 1 (mod m - 1) andn 3 (m - 3)2, thenf(m, n) = 
m-I-n-2. 
ProoJ: If n > (m - 3)2, then m + n - 3 3 (m - 2)2 - (m - 2), so 
by Lemma 5 there are integers p, q 3 0 such that m + n - 3 = 
p(m - 2) + q(m - 1). Let G = PK,,+~ u qKmml . Then G has m + n - 3 
points, G 3 P, , and 
d(G) = m + n - 4 - 6(G) Q m + n - 4 - (m - 3) = n - 1, 
since 6(G) > m - 3. Thus by Lemma 4, we have m + n - 3 < f (m, n) < 
m+n-2. 
THEOREM 6. Zf n f 1 (mod m - 1) and n = 1 (mod m - 2), then 
f(m, n) = m + 12 - 2. 
Proof. We have f (m, n) < m + n - 2 by Lemma 4, and f (m, n) >, 
f(m - 1, n) = (m - 1) + n - I = m + n - 2 by Theorem 1. 
THEOREMS. Letm>3.Ifn=-1 (modm-l)andn>m-1, 
thenf(m,n) =m +n -2. 
Proof. Let m > 3. Then n = -1 (mod m - 1) implies n * 1 
(modm-l),sof(m,n)<m+n-2byLemma4.Sincem-22 -1 
and n > m - 2, we may write n = (p + l)(m - 1) + m - 2, where 
p~0.Thenm+n-3=3(m-2)+p(m-1).LetG=3&,~,UpK,,,~,. 
Since G f, P, and d(G) = n-l,wehavef(m,n)>m+n-3. 
Remark. By Theorems 2 and 3, f (m, m - 2) is 2m - 5 if m >, 5 and m 
if 3 < m < 5. Thus the bound n >, m - 1 is best possible in Theorem 7. 
We are left with the cases f (m, n) for (m - 3)2 - 1 >, n > m + 2 such 
that n + - 1, 0, 1,2 (mod m - 1) and n f 1 (mod m - 2). The behavior 
of the function f (m, n) is apparently complicated for these values of m, n 
and evidently special case formulas become unwieldy. Thus we will 
establish a recurrence to cover the remaining cases, rather than continue 
dealing with special cases. Despite appearances from the above results, it is 
not the case that f (m, n) is always m + n - 2 if n > m and n $ 1 
(mod m - 1). 
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LEMMAS. Letn>m>5.Thenf(m-l,n)>n+(m-2)/2. 
ProoJ Case I. Suppose m is even. Write n + (m - 2)/2 = 
p(m - 2) + q, where 0 < q < m - 2. 
If q > (m - 2)/2, let G = pk& u K, . Then G has n + (m - 2)/2 
points, G $ P,-1 , and 6(G) = q - 1, so 
d(G) = n + (m - 2)/2 - 1 - (q - 1) = n + (m - 2)/2 - q < n. 
If q = 0, let G = PK,-~ . Then G $ Pwml and 
d(G) = n + (m - 2)/2 - 1 - (m - 3) = n - (m - 2)/2 < n. 
If 0 < q < (m - 2)/2, then p(m - 2) > n > m - 2, so p > 2. 
Let n + (m - 2)/2 = s(p + 1) + t, where 0 < t < p + 1. Let G = 
(P + 1 - WC u tKs+, . Then G has n + (m - 2)/2 points. Since 
s(p + 1) < s(p + 1) + t = p(m - 2) + q -c (P + Mm - 21, we have 
s<m-2sos+l dm-2thusG$P+,. 
Suppose s < (m - 2)/2. Then p(m - 2) + q = s(p + I) + t < 
[(m - 2)/2] + (p + 1) + t which implies [(m - 2)/2](p - 1) d t - q thus 
(m - 2)/2 < (t - q)/(p - 1) < (p - q)/(p - 1) < 1, but then we have 
m < 4, a contradiction. It follows that s > (m - 2)/2, and since S(G) = 
s-l,d(G)=n+(m-2)/2-l-(s-l)=n+(m-2)/2-s<n. 
Case II. m is odd. It suffices to showf (m - 1, n) 2 n + (m - 1)/2, 
that is, f (m - 1, n) > n + (m - 3)/2. If m > 6, then m - 1 is even and 
m -- 1 > 5, so by Case I, 
Ifm=5,thenf(m-l,n)==f(4,n)>4+n-2=n+2byTheorems1 
and 4; but n + 2 > n + (5 - 3)/2 = n + 1. The lemma follows. 
LEMMAS. Ifn>m,thenf(m,n)>f(m,n-m+l)+m-I. 
Proof. Let H have f (m, n - m + 1) - 1 points and obey 
H$Pm and d(B) < n -m + 1. 
Let G =HuK,,+,. Then G has f (m, n - m + 1) + m - 2 points 
and G$P,,,. If v E V(H), then deg(v, G) = deg(v, rs> + m - 1 < 
n-m+1 +m-1 =n.Ifv$V(H),thendeg(v,G)=f(m,n-m+l)-1 < 
(m + (n - m + 1) - 1) - 1 = n - 1 by Lemma 2. Thus d(G) < n, SO 
f (m, n) > f (m, n - m + 1) + m - 2. Therefore 
f(m,n) >fhn -m + 1) +m - 1. 
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THEOREM 8. Let n > m 3 3. Then 
f(m, n) = max{f(m - 1, n),f(m, n - m + 1) + m - 1). 
Proof. Trivially f(m, n) 3 f(m - 1, n), so by Lemma 7, f(m, n) > 
max{f(m - 1, n),f(m, n - m + 1) + m - l}. 
When m = 3 or m = 4, Theorems 1 and 4 imply that equality holds in 
Lemma 7. We may therefore assume that n > m > 5. 
Suppose that G has h = max{f(m - 1, n),f(m, n - m + 1) + m - I} 
vertices and obeys both G $ P, and d(G) < n - 1. Then G 1 P,-, . So 
let u1 ,..., v,-r be a P,-1 in G, and let HI be the induced subgraph of G 
spanned by these points. Let the remaining vertices v, ,..., vh span an 
induced subgraph Hz of G. Since neither v1 nor v,-~ is adjacent to a vertex 
of Hz, we have for i = 1, m - 1 that deg(v, , HI) = deg(v, , G) > 
6(G)>h-1-(n-l)=h-n>(m-2)/2sinceh>f(m-l,n)> 
n + (m - 2)/2 by Lemma 6. Then HI r) C,,+, by Lemma 3. Since G 3 P, , 
wehaveG==H,uH,.NowH,hash-(m-l)>f(m,n-m+l) 
vertices, and Hz p P, , so A@,) 3 II - m + 1. Then 
d(G) 2 m - 1 + O(R,) > m - 1 + n - m + 1 = 12, 
a contradiction. Thus f(m, n) < h, so f(m, n) = h. 
The above recurrence can be used, along with the boundary values 
f(m, n) for yt < m (given by Theorems 2 and 3) and the trivial values 
f(2, n) = n + 1, to compute all the numbersf(m, n). The recurrence can 
also be used to establish formulas such as those given by Theorems 1 and 4. 
We have so far been unable to use the recurrence to provide explicit 
formulas for all f(m, n) not covered by Theorems 1 through 7 above. 
However, we can prove 
THEOREM 9. 
f Cm, m + k) = I 2m if k = (m + 1)/3, 2m _ 1 if 0 < k < (m + 1)/3. 
Proof. By iteration on the first operand, 
f(m, n) = max(f (m - 1, n), f (m, n - m + 1) + m - l} = .*a 
= max{f Cm -- k, 4, l~yk {f(m - j + 1, n - m + j) + m - j}). 
Putting n = m + k, we get 
f(w m + 4 
= maxV(m - k, m + k), ,2yk {f (m - j + 1, k + j) + m - j>l. 
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By Lemma 2, f(m -k,m+k)<(m-k)+(m+k)-1 =2m-1. 
If k<(m+l)/3, then m-j+1 >k+jfor all 1 <j<k, so by 
Theorems 2 and 3, 
That is, 
f(m--j+Lk+A+m-j 
= m+X+j-1 
I 
if 2k+3j-1 >m+l, 
2m-2jfl if mfl >2k+3j-1. 
Fork<(m+1)/3andl <j<k,both2m-2j+landm+2k+j-1 
are less than or equal to 2m - 1, but when j = 1, we have 
f(m,k+l)+m-1 =2m-l.Thusf(m,m+k) =2m-lifO<k< 
(m + 1)/3. For k = 0, f (m, m) = 2m - 1 by Theorem 1. 
If k = (m + 1)/3, the above computation shows that 
f(m-j+l,k+j)+m-j<2m-I for 1 <j<k-1, 
while f (m - k + 1,2k) + m - k = 2m. Thus when m = 2 (mod 3) and 
k = (m + 1)/3, then f (m, m + k) = 2m. 
Remark. Suppose that 1 < q < m - 1 and n = q (mod m - 1). 
Write n = p(m - 1) + q, then the graph G = (p + 1) lE;nbl has 
m + 12 - q - 1 points, contains no P, , and has d(G) < n. Thus 
f (m, n) 3 m + 12 - 4. 
Ifq~(m+1)/3,thenf(m,m-1+q)=2m-1 =m+(m-l+q)-q 
by Theorem 9. Thus the lower bound m + n - q is often attained near the 
bottom of the interval (m - 3)2 - 1 2 it > m + 2. 
In particular, f (m, n) can be far less than m + IZ - 2 and m + n - 1 
(the “usual” values, as shown by the theorems above) for m, it with 
(m - 3)2 - 1 3 IZ > m + 2. 
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